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Abstract. Silicon Carbide (SiC), as a third-generation semiconductor material, is widely used in
electronic devices operating in extreme environments such as high temperature and high pressure.
The thickness of the epitaxial layer greatly impacts the performance of SiC devices, making its
precise measurement crucial. Infrared interferometry is a commonly used non-destructive
measurement method, but existing studies often neglect the multi-beam interference effect. This
paper proposes an improved method for measuring the epitaxial layer thickness by utilizing data
from the 2025 National College Student Mathematical Modeling Competition B-topic, based on a
single reflection and refraction model for calculating the epitaxial layer thickness. Data analysis
confirmed the existence of multi-beam interference effects and led to the revision of the model,
eliminating the impact of this effect on measurement accuracy. The corrected model improves
measurement accuracy, with results significantly more accurate than traditional methods, proving
the importance of multi-beam interference effects in thickness measurement. This method provides
an effective solution for the precise measurement of SiC epitaxial layers and has significant practical
application value.

Keywords: Silicon Carbide; Epitaxial Layer Thickness; Infrared Interferometry; Multi-beam
Interference; Geometrical Optics Model.

1. Introduction

With the rapid development of information technology, Silicon Carbide (SiC), as a third-generation
semiconductor material, has seen increasingly widespread applications in extreme environments such
as high power, high frequency, and high temperature, particularly in fields like power electronics,
automotive electronics, and 5G communication. The excellent properties of SiC, such as high
breakdown voltage, high thermal conductivity, and wide bandgap, make it a core material for next-
generation power electronic devices [1][2]. As the demand for high-performance SiC devices
increases, the manufacturing process faces increasingly stringent requirements, especially in the
control of the epitaxial layer thickness, which has become a critical factor in enhancing device
performance.

Currently, infrared interferometry has become a commonly used non-destructive technique for
measuring the thickness of thin films and epitaxial layers. This method is based on the interference
effect of light waves, calculating the material thickness by analyzing the interference fringes between
reflected and refracted light. Traditional infrared interferometry typically assumes that light waves
only undergo a single reflection and transmission at the epitaxial layer surface and substrate interface,
considering only the interference effect of single reflection and transmission [3][4]. However, as the
epitaxial layer thickness changes and the angle of incidence of the light waves varies, light waves
may undergo multiple reflections and transmissions between the epitaxial layer and the substrate,
leading to complex multi-beam interference effects [5]. Most existing studies still neglect this effect,
leading to insufficient measurement accuracy in some cases.

This paper proposes a new method for measuring the thickness of the SiC epitaxial layer based on
infrared interferometry, introducing the analysis of multi-beam interference effects to improve the
traditional measurement model, thus achieving more precise thickness measurements. This method
not only provides an effective solution for the high-precision measurement of SiC epitaxial layer
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thickness but also offers important theoretical foundations and technical support for the future
development of semiconductor manufacturing technology.

2. Research Methods

2.1. Data Sources and Study Design

The data used in this study come from the attachments in the 2025 National College Student
Mathematical Modeling Competition B-topic. Specifically, Attachments 1 and 2 record the reflection

spectrum data of SiC wafers at incident angles of 10° and 15°, respectively: wavenumber ( o5;7! ) and
reflectance (o ). These data are used to validate the performance of the traditional model and the
improved model in practical applications.

The goal of this study is to propose an improved model for measuring the thickness of SiC epitaxial
layers, addressing the multi-beam interference effect that is neglected in traditional infrared
interferometry. This study is divided into three main steps: first, constructing a basic model of single
reflection and refraction to calculate the thickness of the SiC epitaxial layer in Attachments 1 and 2;
then, analyzing whether there is a multi-beam interference effect in these data and assessing its impact
on thickness calculation; finally, improving the model based on the principles of multi-beam
interference and eliminating this interference effect, recalculating the epitaxial layer thickness, and
comparing the two results to analyze whether multi-beam interference affects the thickness
measurement results.

2.2. Establishment and Solution of Single Reflection and Refraction Models

First, this paper constructs a simple mathematical model, considering only a single reflection and
transmission of light waves at the epitaxial layer surface and the substrate interface. As shown in
Figure 1, the model is based on the principles of optical interference. When light waves incident on
the epitaxial layer, part of the wave is reflected, forming a reflected beam, while another part transmits
through the epitaxial layer, propagating after being reflected by the substrate interface. According to
the basic principles of geometrical optics, the path difference of the light waves causes a phase
difference, which in turn forms interference fringes.
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Figure 1. Schematic diagram of the principle of single reflection and refraction measurement of
epitaxial layer thickness

First, by combining the wavenumber and reflectance information provided by the data, and applying

the principles of physical optics and geometrical optics, the phase changes
and refracted light are derived:

o, and 0, of the reflected

@, =2d-tan f-sma -n,-0-27+r, (1)
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According to the basic principles of interference light, the amplitude of the reflected and refracted
light is superimposed, and combining the definition of light intensity with the intensity expression of
the interference light:

Ecos(2rux +@,) = E, cos(2rvx + ¢, ) + E, cos(2rvx +@,) 3)
I=FE*=E?+E?+2EE, cos(p, @) )

Where | represents the intensity of the interference light; £ represents the amplitude of the

interference light;  is the initial phase of the interference light; and cos(p, — )is the interference
0 . AN ) 1
term caused by the phase difference between the reflected and refracted light.

Finally, the function relationship between reflectance y and wavenumber v is derived:

E’ +E +2E,E, cos[Zd(L"ﬂ—tanﬂsinaf)u 27 +(r. —r,)]
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)
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Where E, represents the amplitude of the reflected light,  represents the amplitude of the refracted
2

light, 4 represents the epitaxial layer thickness, n represents the refractive index of the epitaxial layer

(assumed to be a constant of 2.55 in this paper [5]), ¢ represents the angle of incidence, [ represents
the angle of refraction, ,. represents the half-wave loss of the reflected light, , represents the half-
A C

wave loss of the refracted light, and E, represents the amplitude of the incident light.

By appropriately rearranging the above model, we get:

n,
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/4 E02 E02 [(cosﬁ B ) .1 ©6)
Where: Let
E’+E;
91(0) ! o 2
0
5 _2EE,
YO ™
63(0) = (C:TU,B_ tan Bsinom,)- 4z -d
We get:

Y =0 + 0y, -cos[@,, -U+1;] (8)
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Where o is a smooth function representing the basic trend between reflectance and
1(v)

wavenumber; 0,0, -COS[B,,, -V+7,
component of reflectance changes.

]is the periodic variation part, which represents the interference

First, this paper uses scatter plots to visualize the wavenumber and reflectance data provided in
Attachments 1 and 2, resulting in Figure 2 and Figure 3. Through these data, the trends can be
intuitively observed, leading to the ¥ function.
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Figure 2. Wavenumber and reflectance relationship graph in Attachment 1 ( , =10°)
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Figure 3. Wavenumber and reflectance relationship graph in Attachment 2 (5, =15°)

Subsequently, the paper applies Gaussian filtering to smooth the y function, resulting ing .
. L . . . W)

Gaussian filtering is a commonly used smoothing method that removes noise from images or signals

while retaining the main features of the data. It achieves the smoothing effect by convolving the

Gaussian function with the data.

Through literature review, the paper found that due to the Reststrahlen band in crystalline materials,
1.e., the optical phonon resonance effect, total reflection occurs between transverse and longitudinal
optical phonon frequencies at the interface. However, reflectance drops significantly after passing
through the band [6]. Therefore, the data in the 800-1500 wavenumber range are unsuitable for
thickness measurement and are discarded based on physical principles.

As shown in Figure 2 and Figure 3, the data exhibits significant oscillation. To improve the accuracy
of the 4 values, piecewise smoothing is applied with a segment size of 300 wavenumbers. Due to the

large number of segments, only the results for the wavenumber ranges 1700-2000 and 3500-3800 are
shown below.
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Figure 4. plot for Attachment 1 (1700-2000)
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Figure 5. y —vplot for Attachment 1 (3500-3800)
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Figure 6. y —vplot for Attachment 2 (1700-2000)
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Figure 7. y —vplot for Attachment 2 (3500-3800)
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Figure 4 and Figure 5 show the comparison between the original data and the smoothed data within
two different wavenumber ranges (1700-2000 and 3500-3800) in Attachment 1. In Figure 4, the
smoothed data (in red) clearly smoothes out the oscillations in the original data (in blue), displaying
the variation trend within the 1700-2000 wavenumber range. Similarly, Figure 5 also shows the
measurement data in the 3500-3800 wavenumber range, where the smoothed data exhibits
significantly reduced fluctuations compared to the original data, making it more stable. These plots
clearly illustrate the effect of Gaussian filtering on smoothing the data, providing more accurate input
for further thickness measurements.

Figure 6 and Figure 7 continue to show the smoothing effects of the data for Attachment 2 in different
wavenumber ranges. Figure 6 focuses on the 1700-2000 wavenumber range, where the smoothed data
eliminates noise from the original data, optimizing the reliability of the data. Figure 7 shows the data
processing results in the 3500-3800 wavenumber range, further verifying the importance of
smoothing in reducing measurement errors and improving data accuracy. These improvements will
directly impact the accuracy and precision of the subsequent epitaxial layer thickness calculations.

Next, the nonlinear least squares method is used to fit the interference

component y

o) -COS[Oy) -0+ 1y ] By outputting the parameter values, the unknown parameters

, ) can be solved.

( 92(0) ? 03(1)) 0

The final thickness ; output result is:
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Figure 8. Thickness d distribution in different wavenumber ranges for Attachment 1
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Figure 9. Thickness d distribution in different wavenumber ranges for Attachment 2
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From the thickness distribution in different wavenumber ranges shown in Figure 8 and Figure 9, it
can be observed that the epitaxial layer thickness varies significantly across different wavenumber
ranges. Specifically, in Attachment 1 (Figure 8), the thickness in the 1700-2000 wavenumber range
is noticeably smaller (3.2 xm ), while the thickness in other wavenumber ranges is significantly larger,

especially in the 2000-2300 wavenumber range, where the thickness reaches 10.2 . . This variation

is likely closely related to the multi-beam interference effect. In the higher wavenumber ranges, light
waves may undergo multiple reflections and transmissions between the epitaxial layer and the
substrate, which leads to changes in the interference fringes, thus affecting the thickness measurement
results.

In Figure 9 (Attachment 2), although the thickness distribution across different wavenumber ranges
is relatively stable, it can still be observed that the highest thickness (11.4 um ) appears in the high

wavenumber range (3800-4000). This suggests that, at larger incident angles, the reflection and
transmission effects of light waves in the higher wavenumber range are more pronounced, potentially
triggering multi-beam interference, which has a more significant impact on thickness measurements,
leading to larger variations in thickness values.

These observations indicate that the multi-beam interference effect may cause deviations in thickness
measurement, especially in higher wavenumber ranges and at larger incident angles. The interference
effect significantly influences the measurement accuracy of the epitaxial layer thickness. Therefore,
by correcting the measurement model to account for the multi-beam interference effect, the
measurement accuracy can be improved, eliminating errors introduced by the interference effect.

The results from Figure 8 and Figure 9 are summarized in Table 1 and Table 2:

Table 1. Attachment 1 d Calculation Results Table

Wavenumber range 1400-4000 em”!
Thickness range 8.9-11.4 yym
Average thickness 9.5
um
Maximum thickness 11.4 Hm
Minimum thickness 8.9 um

Table 2. Attachment 2 ¢ Calculation Results Table

Wavenumber range 1400-4000 o™
Thickness range 8.8-10.2 1y
Average thickness 9.2 um
Maximum thickness 10.2 um
Minimum thickness 8.8 um

Table 1 and Table 2 show the calculation results of the SiC epitaxial layer thickness for different
incident angles. Table 1 lists the thickness range, average thickness, maximum thickness, and

minimum thickness of the epitaxial layer in Attachment 1 (wavenumber range: 1400-4000 o, ").
According to the table, the thickness range is from 8.9 umto 11.4 yzm , with an average thickness of
9.5 um , a maximum thickness of 11.4 gm , and a minimum thickness of 8.9 um . These results

indicate that, within this wavenumber range, the epitaxial layer thickness shows significant variation,
and the higher the wavenumber range, the more pronounced the thickness fluctuations.
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Table 2 presents the calculation results for Attachment 2 (wavenumber range: 1400-4000cm ™" ). The
thickness range is from 8.8 um to 10.2 um , with an average thickness of 9.2 um , a maximum

thickness of 10.2 pm , and a minimum thickness of 8.8 gzm . Compared to Table 1, the thickness range

and fluctuations in Table 2 are relatively smaller, indicating that the epitaxial layer thickness variation
is more stable in this wavenumber range.

From the results of these two tables, it can be seen that the epitaxial layer thickness exhibits different
trends and fluctuations depending on the wavenumber range. The higher wavenumber ranges (as
shown in Table 1) lead to greater thickness variations, while the lower wavenumber ranges (as shown
in Table 2) present relatively more stable thickness changes. These data provide important insights
into the thickness characteristics of the epitaxial layer and further confirm the impact of the multi-
beam interference effect on measurement accuracy in high wavenumber ranges.

2.3. Analysis of Multi-Beam Interference Effects

Using the model constructed above, the epitaxial layer thickness was calculated based on infrared
interferometry under single reflection and transmission conditions. However, with varying angles of
incidence and changes in the epitaxial layer thickness, as shown in Figure 10, light waves may
undergo multiple reflections and transmissions between the epitaxial layer and substrate, leading to
complex multi-beam interference effects. According to research by Zhu Hongyu and others, multi-
beam interference arises from the phase differences of multiple interference beams generated by light
waves reflecting at different interfaces. At larger incident angles, such as 15°, the reflectance of the
light waves is higher, which increases the number of reflections and transmissions between the
epitaxial layer and the substrate, thereby triggering multi-beam interference [7].

In comparison to single reflection, multiple reflections and transmissions of light waves between the
epitaxial layer and the substrate create more complex phase differences. To address this issue, this
paper further analyzed whether multi-beam interference effects exist in the data. The result showed

that at an incident angle of 15° and a wavenumber of 400.1569cm™' , a significant change in
reflectance occurred, indicating that multi-beam interference may arise at this angle.
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Figure 10. Multi-Beam Interference Principle Diagram

2.4. Correction of the Multi-Beam Interference Model

For the multi-beam interference phenomenon, the intensity of the interference light depends not only
on the phase difference between the single reflected and refracted light, but is also determined by the
phase differences of all reflected and refracted light beams. Therefore, for multi-beam interference to
occur, the phase differences between all reflected and refracted light beams must satisfy the
interference conditions. Specifically, the phase difference of the light waves should meet the
following condition:

Ap, =m 21 (Constructive Interference) 9)
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Or

(Destructive Interference)

Ap, = (m, +%)-27r (10)

Where m is an integer, representing that constructive interference occurs when the phase difference
between different reflected light beams is an integer multiple of the wavelength, while destructive
interference occurs when the phase difference is an odd multiple of half the wavelength.

To ensure the occurrence of multi-beam interference effects, the phase difference between each
reflected and refracted light beam must satisfy the above relationship. In other words, the light waves
along different paths must meet the condition that the phase difference is an integer multiple of 27,
or an odd multiple of half the wavelength, to produce the interference effect.

After explaining the conditions for the occurrence of multi-beam interference, to address the thickness
measurement errors caused by the multi-beam interference effect, this paper modifies the traditional
model. By considering the paths of multiple reflected light beams, the expression for the interference

light intensity 7 is derived:
I=(E,+E,++E) = ZE_,.E -I—ZZE_,.EJ. cos(Ag,) (11)
i=1 <

Where £, is the amplitude of the light beam, and Ag, is the phase difference between thei and j light

beams. Due to the interference effects of multiple beams, the relationship between reflectance and
wavenumber becomes more complex. In this paper, these interference terms are solved through fitting.

After confirming the influence of the multi-beam interference effect, this paper further improves the
original model and derives the new epitaxial layer thickness calculation formula:

. A
y = = (12)

Where y is the reflectance, 4 and B are fitting parameters, A is the wavelength, and « is the angle of
incidence.

To eliminate the impact of multi-beam interference on measurement accuracy, this model uses
Gaussian filtering to smooth the data, thereby removing the noise from the reflected light and
enhancing the clarity of the interference fringes. Then, the nonlinear least squares method is used to
fit the interference data, effectively correcting the epitaxial layer thickness calculation results and
eliminating the impact of multi-beam interference.

Based on the results output from the code, the corrected epitaxial layer thicknesses for Attachment 1
and Attachment 2 are accurately calculated.

The corrected epitaxial layer thickness for Attachment 1 isd =8.11157 um -
The corrected epitaxial layer thickness for Attachment 2 isd =5.29123 um -

Through this correction method, the impact of interference effects on the epitaxial layer thickness
measurement has been effectively eliminated.
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3. Results and Discussion

In this paper, the traditional single reflection and refraction model was first used to calculate the SiC
epitaxial layer thickness provided in Attachments 1 and 2. Based on the traditional model, the
calculated epitaxial layer thicknesses were: 9.5 pm for Attachment 1 (incident angle 10°) and 9.2 um
for Attachment 2 (incident angle 15°). However, considering the influence of multi-beam
interference effects, this paper proposes an improved model and corrects the calculation results.

In the corrected model, the multiple reflection and transmission effects that light waves may undergo
between the epitaxial layer and substrate were considered. Data was smoothed using Gaussian
filtering, and the nonlinear least squares method was used to fit the interference part. The final new
epitaxial layer thickness values obtained were: 8.11157 um for Attachment 1 (incident angle 10°) and

5.29123 um for Attachment 2 (incident angle 15°). Compared to the traditional model, the corrected
results significantly reduced the errors caused by interference effects, showing higher precision.
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Figure 11. Reflectance vs. Wavenumber Relationship (Before and After Considering Multi-Beam
Interference)

Figure 11 shows the relationship between reflectance and wavenumber for Attachments 1 and 2, with
the peaks of the interference fringes marked. From the figure, it can be observed that after considering
multi-beam interference, the interference fringes in reflectance have shifted slightly. This change
indicates that when the multi-beam interference effect is taken into account, the position of the
interference fringes shifts, which in turn affects the calculation results for the epitaxial layer thickness.
This phenomenon is particularly noticeable in the reflectance data for Attachment 2 (incident angle
15°), suggesting that at larger incident angles, the impact of multi-beam interference on the
measurement results is more pronounced.
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Figure 12. Comparison of Epitaxial Layer Thicknesses Between the Traditional Model and the
Improved Model at Different Incident Angles

Figure 12 compares the epitaxial layer thicknesses calculated by the traditional model and the
improved model at different incident angles. In the figure, it can be seen that there is a noticeable
difference in the thickness calculation results between the traditional model (which neglects the multi-
beam interference effect) and the improved model, especially at an incident angle of 15°. Specifically,
the thickness calculated by the traditional model is overestimated, while the improved model fits the
experimental data more accurately, reducing the errors caused by interference effects and providing
more precise measurement results.

Further analysis of the data reveals that, in Attachment 2 (incident angle 15°), the reflectance
fluctuates significantly at multiple wavenumber points, particularly at a wavenumber of

400.1569 cm™" , where the reflectance variation is especially sharp. According to the research by Zhu
Hongyu and others, the multi-beam interference effect is more pronounced at large incident angles
(such as 15°) [8-12], which is also confirmed by the experimental data. This paper further analyzes
and confirms this phenomenon and eliminates its impact on the epitaxial layer thickness measurement
through the corrected model.

4. Conclusion

This paper proposes an improved method for measuring the thickness of silicon carbide (SiC)
epitaxial layers, addressing the multi-beam interference effect that is ignored in traditional infrared
interferometry. By constructing and optimizing the mathematical model, the thickness of the epitaxial
layer is first calculated using a single reflection and refraction model, followed by the introduction of
the multi-beam interference effect and model correction. The calculation results show that the
traditional model, due to the neglect of the multi-beam interference effect, generally overestimates
the measurement values and introduces certain errors, while the corrected model effectively
eliminates these errors, providing more accurate measurement results.

By incorporating the analysis of the multi-beam interference effect and using Gaussian filtering to
smooth the data, this paper significantly improves the accuracy of the SiC epitaxial layer thickness
measurement. Compared to existing measurement methods, the proposed model better accommodates
the measurement requirements across different incident angles and wavenumber ranges, reducing the
errors caused by interference effects that were not considered in traditional methods.

The innovation of this paper lies in successfully addressing the impact of multi-beam interference on
thickness measurement accuracy through an improved mathematical model and data processing
method in traditional infrared interferometry. The study demonstrates that this improved method is
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not only applicable to the measurement of SiC epitaxial layer thickness, but also provides theoretical
foundations and technical support for the measurement of thickness in other semiconductor materials.
In the future, further experimental validation and broader application cases will help enhance the
universality and accuracy of this method, offering stronger technical support for the quality control
and device optimization of semiconductor materials.
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